We present a theoretical study of the detection of the decay time scales for a single-level quantum dot by means of a capacitively coupled sensor dot, which acts as an electrometer. We investigate the measurement back-action on the quantum-dot decay rates and elucidate its mechanism. We explicitly show that the setup can be used to measure the bare quantum-dot relaxation rates by choosing gate pulses that minimize the back-action. Interestingly, we find that besides the charge relaxation rate, also the rate associated to the fermion parity in the dot can be accessed with this setup.
I. INTRODUCTION
Quantum dots driven by time-dependent signals play an important role for different nanoscale devices such as single-electron emitters, 1 quantum pumps, 2,3 solid state qubits [4] [5] [6] and spin and charge read-out schemes.
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In order to assess the maximum frequency at which such devices can be operated, it is necessary to understand the relaxation behavior of quantum dots when they are driven out of equilibrium. Besides their relevance for nanoscale device operation, these types of systems are also interesting from a basic-physics perspec-
FIG. 1. Sketch of the system. The upper dot (d) is driven
out of equilibrium at time t0; the lower dot (SQD) is used for detection of the relaxation process. The two single-level dots are coupled capacitively to each other and they are tunnelcoupled to different electronic reservoirs. Since the SQD electron spin is not important for the measurement, we neglect it for simplicity.
tive, as they are a testbed to understand nonequilibrium and Coulomb-interaction effects in size-quantized systems. [8] [9] [10] Quantum dots are also used as one of the capacitor plates in a mesoscopic capacitor. 11 The theoretical analysis of charge relaxation in these devices, in the limit when the Coulomb interaction can be treated at the Hartree level, is based on the scattering approach to mesoscopic transport. 11 In particular, the quantization of the relaxation resistance has been extensively investigated both theoretically 12 and experimentally. 13 In recent works, 14 the theory has also been extended to strongly interacting systems. This becomes especially important for quantum dots with only one relevant orbital level and strong Coulomb interaction. In such a singlelevel dot, the interaction furthermore leads to different decay time scales for the charge and the spin. 15 Moreover, an additional decay rate has been predicted to govern the relaxation behavior of the system toward equilibrium. 15, 16 This rate does not contribute to the relaxation of the charge and spin, but can be linked to the fermion parity of the dot state. Interestingly, this fermion-parity rate depends neither on the level position nor on the interaction strength, and equals the sum of the bare tunneling rates for all transport channels even if higher-order tunneling processes are taken into account.
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The present paper is devoted to the problem of measuring the different decay rates of a single-level quantum dot driven out of equilibrium by a step gate-voltage pulse. Particular emphasis will be given to the fermionparity mode of the quantum dot, which has not been detected so far. Recent experiments were dedicated to the read-out of relaxation times of excited states [19] [20] [21] or the charge-relaxation rate of quantum dots. 22 More generally, the (time-resolved) read-out of quantum-dot charge states has been investigated with charge sensors based on quantum point contacts, [23] [24] [25] [26] [27] or based on a detector quantum dot (or metallic island).
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In this paper, we study the read-out of relaxation rates using the setup shown schematically in Fig. 1 : a singlelevel interacting quantum dot (d) attached to one electronic reservoir, brought out of equilibrium at a time t 0 by a step pulse of the gate voltage. For the detection of the relaxation behavior of this quantum dot, a second dot, acting as a sensor quantum dot (SQD), is coupled capacitively to the first one and tunnel-coupled to two further electronic reservoirs with a transport voltage applied between them. Note that setups of this type have recently attracted interest in the context of feedback control 33 and heat to current conversion. 34 Here, the basic idea for the realization of a measurement is that the charge state of the quantum dot (d) will affect the current flowing through the SQD. However, the measurement set up will induce a back-action on the dot dynamics: the basic mechanism leading to the back-action is that the interdot Coulomb repulsion can induce Coulomb blockade in the quantum dot (d) and affect the relaxation rates. The main goals of this paper are: (1) understanding how the relaxation rates of the quantum dot (d) are modified by the measurement (back-action); (2) devising measurement protocols, which minimize the back-action effects and thus allow us to measure the bare relaxation rates, that is, the quantum-dot relaxation rates in the absence of the SQD.
The paper is structured in the following way. In Sec. II, we detail our model and review the formalism used to calculate the quantum-dot dynamics and the SQD current. Results are presented in Sec. III. We start by discussing briefly the bare relaxation rates of a single quantum dot in the absence of the SQD in Sec. III A . We then consider the dynamics of the full d-SQD system and elucidate the measurement back-action effects in Secs. III B and III C. The measurement mechanism and the protocols to access the bare relaxation rates are examined in Sec. III D. Finally, we summarize our findings in Sec. IV.
II. MODEL AND FORMALISM

A. System Hamiltonian
The system under investigation is sketched in Fig. 1 . It is described by the Hamiltonian
where the terms on the right-hand side (r.h.s.) refer, respectively, to the dot, the SQD, the capacitive coupling between the two dots, the metallic leads, and the tunneling Hamiltonian, which describes the tunnel coupling between the dots and the leads. The Hamiltonians of the isolated two-dot system are
where
is the creation (annihilation) operator for an electron with spin σ on the dot and d † SQD (d SQD ) the creation (annihilation) operator for an electron in the SQD. We also define the number operators as
The single-level energy of the dot (detector) is denoted by ǫ d,σ (ǫ SQD ). The charging energy for a doubly occupied dot is U d , the energy U denotes the capacitive coupling between the dot and the SQD. Due to the geometry of the setup, we assume in the following U d > U . Importantly, since we only aim to detect the dynamics of the dot, we simplify the description of the SQD by lifting its spin degree of freedom (e.g., with a magnetic field), such that it can be mostly occupied by a single electron with a fixed spin. However, an experimentally more realistic spin-degenerate SQD does not lead to significantly different measurement results if the SQD on-site interaction is large enough, see Sec. III D 2 and Appendix B.
Electrons in the metallic leads are assumed to be noninteracting and are described by
with creation (annihilation) operators c † k,σ,α (c k,σ,α ) for an electron with spin σ and momentum k in lead α = L, R, C. Each of the leads is in equilibrium, characterized by the chemical potential µ α and the temperature T . Without loss of generality, we measure all energies with respect to µ C = 0. The dot is tunnel coupled to the central lead, α = C, with a tunneling matrix element V C that is assumed to be spin-and momentum independent; similarly, the detector dot couples to the left (L) and right (R) leads with tunnel matrix elements V L and V R ,
The tunnel couplings are characterized by the spinindependent tunnel coupling strengths Γ α = 2πρ α |V α | 2 , with the density of states ρ α of the leads. We work in the wide-band limit and assume Γ α and ρ α to be energyindependent. For convenience, we also define the total SQD tunneling strength Γ = Γ L + Γ R . To be able to measure the dynamics of the dot, the characteristic time scale for tunneling processes between the SQD and the leads L,R must be much smaller than for tunneling events between the dot and the reservoir C. When considering explicit measuring protocols, we will therefore require Γ C /Γ ≪ 1, which is the so-called measurement limit.
B. Relaxation after a switch
Generalized master equation
To describe the relaxation behavior of the full d-SQD system brought out of equilibrium at a certain time t = t 0 , we employ the techniques of Refs. 15 and 16, which we describe only briefly here. The time evolution of the d-SQD system after a switch obeys the generalized master equation
The vector P (t) contains the time-dependent occupation probabilities in the eigenstates of the isolated d-SQD system P = (P 00 , P 0↑ , P 0↓ , P 02 , P 10 , P 1↑ , P 1↓ , P 12 )
The first subscript indicates whether the SQD is occupied (1) or unoccupied (0); the second subscript stands for the state of the quantum dot (d), which can be empty (0), singly occupied with a spin-up (↑) or spin-down (↓), or doubly occupied (2) . The kernel W (t, t ′ ) is an 8 × 8 matrix that accounts for transitions between the eigenstates of the d-SQD system via tunneling to the leads.
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As the Hamiltonian is no longer time-dependent after the switch at time t 0 , W depends only on the time difference
To study the exponential relaxation, it is enough to consider times t such that t − t 0 is much larger than the support of the kernel W (t − t ′ ), which for weakly coupled systems is typically of the order of /k B T . In this long-time limit, we can approximate the kinetic equation, Eq. (3), as
is the Laplace transform of the kernel.
Next, using the fact that we assume weak tunnel couplings, Γ α /k B T ≪ 1, 36 we expand Eq. (5) in powers of the tunnel coupling strengths Γ α . In first order in Γ α , the master equation predicts P (t) to decay purely exponentially,
where P in = P (t 0 ) is the initial probability distribution at time t 0 ≡ 0. Up to the leading order in the tunnel couplings, the transition matrix A is simply the first order in Γ α contribution to the zero-frequency Laplace transform of the kernel, that is A = W (1) (z = 0) with system parameters taking their values after the switch.
The elements of the transition matrix A can be explicitly calculated with the help of Fermi's golden rule or a perturbative real-time diagrammatic approach. 37, 38 For the problem considered here, A has seven real negative eigenvalues −λ i > 0 corresponding to the negatives of the seven relaxation rates λ i which govern the decay of P (t), and a single zero eigenvalue. This ensures that the system relaxes to the stationary state P st = lim t→∞ P (t), determined by A · P st = 0 and e T · P st = 1 with the trace operator e T = (1, 1, 1, 1, 1, 1, 1, 1). In order to gain a physical understanding of the decay behavior, we consider the left and right eigenvectors of the non-Hermitian transition matrix A. More explicitly, the decomposition of the vector P (t) in terms of the right eigenvectors P i of the matrix A reveals the decay eigenmodes corresponding to the relaxation rates λ i ,
The symbols q in i and q st i represent the initial and the stationary values of the time-dependent quantities q i (t) that decay only with the single relaxation rate λ i . These quantities can be directly related to the left eigenvectorŝ l i of the transition matrix A vial i =q i − q st i e T , with an eight-dimensional row vectorq i defined to yield q i (t) via
Quantum-dot subsystem
When studying the effect of the back-action of a measurement on the quantum dot, we are interested in the occupation probability vector obtained by tracing out the degrees of freedom of the SQD,
3. Measuring the current through the SQD In order to detect the dynamics of the quantum dot after a fast switch, we study its effects on the current flowing through the sensor dot, from lead L to lead R, between which a bias voltage is applied. In general, the current in lead α is defined as
, with the charge number operator N α for electrons in lead α and the electron charge e. This current is determined explicitly by calculating the current kernel 37, 38 which only includes tunneling rates for processes transferring particles between the SQD and lead α. Expanding this kernel in first order in Γ α leads to
The row vectorn SQD = (0, 0, 0, 0, 1, 1, 1, 1) corresponds to the SQD charge operator in our model, the matrix A α includes all terms of the full transition matrix A that are related to tunneling with lead α.
III. RESULTS
We start this results section with a brief summary of the decay behavior of the quantum dot when the coupling to the sensor dot is switched off.
15, 16 Next, we investigate the dynamics of the dot coupled to the SQD. Our main focus will be to understand back-action effects. In the last part of this section, we use the knowledge of the back-action to establish measurement protocols aimed at detecting the original dot relaxation rates even in the presence of back-action effects.
A. Decay dynamics of a single-level quantum dot
We consider the quantum dot tunnel coupled to the reservoir C but completely decoupled from the SQD, i.e. U = 0.
The exponential decay P d (t) = exp (A d t) · P in d of the dot probability vector defined in Eq. (9) is then governed by the dot transition matrix A d , which is explicitly given by
The Fermi functions f
are defined for the leads α, where β = 1/k B T is the inverse temperature. By diagonalizing A d , the decay dynamics of the dot probability vector P d (t) are found to be completely characterized by three independent decay eigenmodes, each of which is associated with a single relaxation rate that exclusively governs the exponential decay of one of the following three observables:
, as well as a third quantity that can be explicitly written as
. This third quantity m(t) is linked to the fermion parity of the quantum dot, since P fp = (1, −1, −1, 1)
T constitutes the right eigenvector of this decay mode.
We label the relaxation rates corresponding to the three quantities as λ c for the charge n d (t), λ σ for the spin σ(t), and λ fp for m(t). The rates read
The behavior of the rates as a function of ǫ d is displayed in Fig. 2 . When the transition energies between different dot states are far above the Fermi level on the scale of the temperature,
, the charge and spin rate are simply determined by the bare tunnel coupling Γ C / . However, in the regime of single occupation, −U d < ǫ d < 0, we find that the charge rate is enhanced to λ c 2Γ C / , whereas the spin rate is suppressed to almost zero, λ σ 0. The reason for the deviation from Γ C / in the region in which the dot is preferably singly occupied is the following: the spin-degeneracy requires a vanishing spin σ st = σ(t → ∞) = 0 in the stationary limit, but a singly occupied dot can never have spin zero, so that the spin average σ = P d,↑ − P d,↓ can only reach its stationary value σ st = 0 by thermal fluctuations. Thus, the relaxation rate λ σ is strongly suppressed. On the other hand, the spin degree of freedom offers two possibilities, namely ↑ and ↓, to reach the stationary charge number n st d , thereby doubling the charge relaxation rate. The decay rate λ fp = 2Γ C / of the fermion-parity mode is completely independent of temperature, interaction strength and level position, see Eq. (13c) and the red solid line in Fig. 2 . Recently, it was demonstrated that regardless of how many orders in the tunnel couplings are included in the perturbative expansion, the fermion-parity operator of multi-orbital systems always constitutes a right eigenvector of the transition kernel as long as the wide band limit is considered. 17, 18 The corresponding eigenvalue is the negative sum of all bare tunnel couplings that connect the reduced system to its environment. The reason for the simple form of the fermionparity rate is the fact that the fermion-parity operator is not affected by any finite-temperature corrections arising as a consequence of the reservoir coupling.
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To understand the role of λ fp for the quantum dot state relaxation, let us examine in more detail the quantity m(t), see Eq. (12) . As a function of the level position ǫ d , the coefficient p entering m(t) drops from 1 to 0 for increasing ǫ d around the particle-hole symmetric point
, at which we find p = 1/2. The quantity m(t) thus approximately equals the zero-occupation probability m(t) ≈ P d,0 (t) for final level positions
where the stationary zero-occupation probability P st d,0 ≈ 0 is close to zero, whereas it approximately equals the double-occupation probability m(t)
One way to excite the dynamics of m(t), and to consequently let λ fp contribute significantly to the dot state relaxation, is therefore to prepare the dot in the empty state in a regime where the dot in equilibrium would be doubly occupied; in this situation m excited ≈ P d,0 is close to 1 directly after the switch. This can be realized by applying a gate pulse from an initial state at
Vice versa, one could prepare the dot in the doubly occupied state in a region where the dot in equilibrium would be empty. In Sec. III D 2, we will indeed suggest a gate-pulse protocol based on the described behavior to detect the rate λ fp independently from the charge relaxation rate λ c .
B. Master equation of the dot-sensor system
To understand the dynamics of the full d-SQD system, we first discuss the structure of the master equation dP (t)/dt = A · P (t) with
The upper diagonal block of the first matrix describes tunneling processes between the quantum dot and the tunnel-coupled reservoir C when the SQD is completely empty. It is given by the 4 × 4 matrix A d , Eq. (11), governing the dynamics of the quantum dot in the absence of a detector. In the lower right diagonal block of the first matrix, we find the transition matrix A d , which differs from A d by an overall energy shift ǫ d → ǫ d + U accounting for the capacitive coupling to an occupied SQD. Any energy shift by +U is indicated by barred symbols, such thatā(ǫ) := a(ǫ + U ),ā(ǫ) := a(ǫ + 2U ) for an arbitrary energy-dependent object a(ǫ). The 4 × 4 blocks A ± SQD of the second matrix represent electron hopping from the leads L and R to the SQD (+) and vice versa (−). They are given by the diagonal matrices
The first element of A ± SQD is the SQD tunneling rate for an empty dot. Its energy dependence is determined by
The second and third element correspond to the same transition, but with the dot singly occupied; the fourth element represents the case of a doubly occupied dot. All off-diagonal elements of A ± SQD vanish because they refer to simultaneous tunneling processes in SQD and dot which do not contribute in the leading order in the tunnel couplings.
C. Decay dynamics during measurement
We first transform the master equation from the energy eigenbasis, Eq. (14), into a new basis that directly reveals the time evolution of the dot quantities of interest, namely the spin σ(t), the dot charge n d (t) and the fermion-parity quantity m(t). The full master equation thereby assumes the block-diagonal form
where the zero eigenvalue is simply related to the existence of a stationary state. The other three blocks describe the decay of the global fermion-parity mode for the d-SQD system (λ gfp ), the dot spin (A σ ), and the charge as well as the local dot fermion-parity mode (A c ). 40 In the following, we discuss each of the three blocks in more details and provide the definition of λ gfp , A σ , and A c .
Global fermion-parity mode
The right eigenvector of the transition matrix A, which describes the global fermion-parity eigenmode of the d-SQD system contains in each component the fermion parity of the corresponding many-particle eigenstate in the reduced system:
The associated relaxation rate is given by the sum of all bare tunnel couplings, yielding
From the eigenmode expansion (7) and the form of the eigenvector Eq. (17), it is easy to prove that the global fermion-parity mode cannot enter the time evolution of any quantity local either to the dot or the SQD. It is, in particular, irrelevant for the measurement of the quantum dot decay behavior via the sensor dot current, as this current only depends on local quantities, see Sec. III D.
Spin sector
Since the SQD is only capacitively coupled to the dot, it does not measure the dot spin. However, by shifting the dot addition energy, the SQD still has an effect on the spin relaxation, giving rise to back-action without measurement. Introducing the two conditional spin variables (19) which constitute the dot spin under the condition that the SQD is either empty (0) or filled (1), one finds
(20) The transition matrix A σ contains the spin relaxation rate λ σ of the dot in the absence of the SQD given in Eq. (13b), its energy-shifted versionλ σ , as well as the contributionsf ± SQD from the SQD occupation. The dynamics of the dot spin, σ(t) = σ 0 (t) + σ 1 (t), is obtained by tracing out the states of the SQD, yielding
If the SQD is empty during the entire time evolution, the spin decay is only described by the first term on the r.h.s. of Eq. (21) corresponding to the already known spin rate λ σ . The second term instead accounts for the case when the SQD is constantly filled, causing a capacitive energy shift in the dot and thus modifying the spin decay rate as λ σ →λ σ . Hence, back-action here leads to a capacitive shift of decay rates of the dot. However, the probabilities for the SQD to be filled and to be empty can simultaneously be nonzero and can also evolve in time. The total spin time evolution is therefore influenced by a combination of both contributions in the differential equation (21) . Consequently, the dot spin is governed by two relaxation rates, obtained by diagonalizing the transition matrix A σ . In other words, back-action does not only modify rates, it also leads to an onset of new decay modes. With σ st = σ(t → ∞) = 0, the most general form which σ(t) can assume is The relaxation rates corresponding to these decay modes are given by
representing a combination of the original dot spin rate λ σ and its capacitively shifted counter-partλ σ . The dependence of λ ± σ on both ǫ d and ǫ SQD is shown in Figs. 3(a),(b) . To emphasize back-action effects, we display for both rates their deviation from the noninteracting limits,
The rate λ − σ exactly reflects the context described for Eq. (22) . It becomes the original spin rate λ σ for ǫ SQD > −U , and the capacitively shifted rateλ σ for level positions ǫ SQD < −U allowing the SQD to be stably occupied in the presence of a single dot electron. The relaxation rate λ 
To gain a better physical understanding of the two rates, we study the coefficients a ± yielding the relative contribution of each exponential function governing the spin decay, Eq. (22), and thus measuring the relevance of the relaxation rates λ ± σ for the spin decay σ(t) for given initial conditions as a function of the final level positions ǫ d , ǫ SQD . Using the left and right eigenvectorsl ± σ and P ± σ of the full transition matrix A corresponding to the relaxation rates λ ± σ , see Appendix A, the coefficients are obtained by
The row vectorσ = (0, 1, −1, 0, 0, 1, −1, 0) is the vector representation of the spin operator. In Figs. 3(c) ,(d), we display a ± as a function of the values ǫ d and ǫ SQD after the switch, assuming that initially, the dot is occupied by a spin-up electron and the SQD is empty. The behavior of a − reveals that the relaxation dynamics are mostly dominated by the relaxation rate λ − σ . In particular, it is the only contributing rate as long as the switch does not induce any time evolution of the SQD state. However, if the latter is the case and at the same time the dot state is susceptible to the SQD state, a + indicates that λ + σ also contributes to the decay of the dot spin exactly for those level positions, −U < ǫ d < 0 and −U < ǫ d + U d < 0. Yet, we find this influence to decrease with the ratio Γ C /Γ, and even to be negligible in the measurement limit Γ C /Γ ≪ 1. Note that in the measurement limit, all contributions proportional to e −λ + σ t also decay on a much smaller time scale compared to those proportional to e −λ − σ t . We have performed further analyses of a ± for initial conditions different from those chosen above, but they all lead to the same conclusion that, as long as the detector state is not affected by the gate switch, the spin still relaxes only at a single effective spin rate λ − σ , taking into account a possible energy shift due to the capacitive coupling between the dot and the SQD.
Charge sector
To study the decay dynamics of the dot charge n d (t) and the dot fermion-parity quantity m(t), it is useful to analyze the following four quantities:
The conditional dot charges, n d,0/1 , yield the timedependent average dot charge number for either an empty (0) or filled (1) SQD, the time-dependent SQD charge number is labeled n SQD (t), and we have furthermore selected the double occupation probability P d,2 (t), which together with n d,0/1 can be used to calculate m(t). These four quantities generally have non-vanishing expectation values in the stationary state. Therefore, we study the set of differential equations for the deviation ∆q(t) = q(t) − q st of each quantity q in Eq. (25) from its respective stationary limit q st , namely,
introducing the abbreviations
To get an overview over the physics involved in Eq. (26), we first extract the differential equations for the dot charge n d (t) and m(t). Subsequently, we discuss the different relaxation rates which enter the time-dependent decay of both quantities.
The first two terms can be interpreted analogously to the time evolution of the dot spin, Eq. (21) . If the SQD is constantly empty, the dot charge decays mainly at the charge rate λ c ; if the SQD is singly occupied, the relaxation is primarily governed by the energy-shifted ratē λ c . However, in addition to these implicit dependencies on the SQD state, the last term in Eq. (27) also couples the charge dynamics directly to the SQD dynamics.
(a) Importantly, the structure of Eq. (26) furthermore indicates that the time evolution of the dot charge depends on m(t) via coupling of n d,0 (t), n d,1 (t) and n SQD (t) to the double-occupation probability.
Indeed, the time evolution of m(t) in the presence of a capacitively coupled SQD is described by
Interestingly, if one neglects finite temperature broadening and assumes U d > U , the r.h.s. of Eq. (28) becomes − 2ΓC ∆m(t), implying that m(t) decays exponentially with a rate λ fp = 2Γ C / , independent of the dot and SQD charge state.
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In general, there are four relaxation rates, λ c , λ fp , λ SQD and λ + , obtained from diagonalizing the 4 × 4 block A c , which influence the decay of ∆n d (t), ∆m(t) and ∆n SQD (t) via
with i ∈ {c , fp , SQD , +}. Equivalently to the prefactors a ± appearing in the spin decay, Eq. (22), the coefficients a i (q) describe the relative influence of the four relaxation rates λ i on an observable q. A detailed analysis of these coefficients a i leads to the following conclusions:
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• One of the rates, hence termed the effective charge relaxation rate λ c , in many parameter regimes dominates the decay dynamics of the dot charge n d (t).
• We furthermore identify an effective dot fermionparity rate, which we have already predicted from Eq. (28) to be the major influence on m(t), λ fp .
• In many parameter regimes, one of the rates acts as an effective SQD charge relaxation rate, λ SQD , that primarily governs the exponential decay of n SQD (t).
• Finally, there is a rate λ + , here called combined dot-SQD rate, which has the property to be of importance for the decay of n d (t) and m(t) if the SQD has a time-dependent influence on the dot, very similar to how λ + σ enters the spin decay, see Sec. III C 2. There are nevertheless also regimes of strong back-action, in which the separation of the role of these rates is no longer as clear. To elaborate on this, let us now discuss in more detail the gate dependence of the rates. In Fig. 4(a) , we show λ c and λ fp as a function of the final level positions ǫ SQD and ǫ d . Since we are interested in the measurement limit (Γ C ≪ Γ), the decay rates λ SQD and λ + , both of the order of Γ, govern decay eigenmodes that die out much faster than the decay modes corresponding to λ c and λ fp . So even though λ SQD and λ + can in principle enter n d (t) and m(t), their effect on the dynamics is mostly negligible on the dot time scale /Γ C , and thus will not be discussed in detail here.
The ǫ d -dependence of the effective charge rate λ c equals the one of the unmodified charge rate λ c for SQD levels ǫ SQD > 0, and of the energy-shifted ratē λ c for ǫ SQD < −2U . This reflects the capacitive potential shift we have already encountered in the spin dynamics, and which is predicted by the first two terms in the differential equation of the dot charge, Eq. (27) . The effective charge rate λ c additionally exhibits regions of suppressed relaxation for −U < ǫ d , ǫ SQD < 0 and
In these regions, also the impact of the other rates entering the charge n d (t), especially the effective fermion-parity rate λ fp , is enhanced. The physical origin of the suppression of λ c in these regimes of strong back-action is illustrated in Fig. 4(b) , considering as an example a gate pulse that drives the system from an initially empty dot and filled SQD into the region −U < ǫ d < ǫ SQD < 0. The stationary state P st for these level positions predicts the SQD to be empty and the dot to be singly occupied. However, the required tunneling processes from the reservoir C to the dot as well as from the SQD to the source and drain leads are blocked by the Coulomb interaction between the two subsystems, and therefore the charge relaxation rate is strongly suppressed.
An equivalent argument for the suppression of λ c holds for the second regime of strong back-action −U < ǫ d + U d < ǫ SQD + U < 0. However, transitions from an empty dot into this regime do not immediately drive the dot into Coulomb blockade, which is established only after one electron has entered the dot. The time evolution of n d (t) is therefore not completely suppressed, meaning that the other relaxation rates, in particular the fermionparity rate λ fp , also contribute to the exponential charge decay in this case. An analogous effect is observed when gate-pulsing the system from a doubly occupied state to −U < ǫ SQD < ǫ d < 0.
In principle, Coulomb blockade induced by the SQD also leads to a suppression of the dot fermion-parity rate λ fp , as displayed in Fig. 4(a) . However, we can also understand why this suppression is much weaker compared to what we find for the charge rate, and why λ fp is only affected for level positions around ǫ d = −(U + U d )/2 in the SQD level interval −2U < ǫ SQD < 0. We pointed out in Sec. III A that the fermion-parity mode is primarily excited for gate pulses shifting the dot either from P in d,0 > 0 to the regime P st d,2 > 0, where m(t) and thus λ fp primarily govern the zero-occupation probability P d,0 (t), or from P in d,2 > 0 to P st d,0 > 0, with m(t) describing the double-occupation probability P d,2 (t) instead. So only by hampering the exponential decay of P d,0 (t) for the first, and of P d,2 (t) for the second kind of state transition can the SQD suppress the fermion-parity rate. However, as clarified by Fig. 4(c) , gate pulses to induce such transitions, e.g., from ǫ in d > 0 to a final dot level sufficiently far below ǫ d = −(U + U d )/2, cause at least one electron to tunnel between dot and reservoir independently of the SQD state. More precisely, we add either one or two electrons to an empty dot in a regime where m(t) = P d,0 (t), or remove a single or two electrons from a doubly occupied dot for m(t) = P d,2 (t). Hence, neither the decay of m(t) = P d,0 (t) for the first, nor the decay of m(t) = P d,2 (t) for the second kind of process is affected by the SQD. So in agreement with Eq. (28), only thermal fluctuations that are most likely to inhibit the relaxation for final dot levels close to ǫ d = −(U + U d )/2 can cause a small deviation of the effective fermion-parity rate λ fp from the original one λ fp .
Yet, the mere existence of a weak suppression of λ fp for certain level positions is interesting, as the original rate λ fp does not depend on any parameter apart from the tunnel coupling. It is shown in Ref. 18 that the fermion-parity rate is rigorously protected against parameter changes in the absence of a detector. However, the capacitive coupling between dot and SQD accounted for here leads to a mutual dependence of both subsystems on each other, and thus to memory effects that also slightly influence the fermion-parity rate: we do find a dependence, but the weakness of the effect indicates that some robustness remains.
D. Measurement of the relaxation rates
In this section, we demonstrate that it is possible to extract the original charge rate λ c and the dot fermionparity rate λ fp = 2Γ C / from SQD current measurements. We will emphasize, in particular, that measurements of the bare rates are possible even in the presence of back-action effects.
SQD tunnel-current
As it is our aim to infer the dot dynamics from the time evolution of the SQD current, it is desirable to exclude the time-dependent influence of the SQD itself, namely the displacement current due to the relaxation of the SQD charge, from the measured signal. One way to suppress the influence of this displacement current on the measurement current is to actually perform two measurements of the current in either the left lead (I L ) or right lead (I R ), and to take the second measurement with inverted source-drain voltage, µ L ↔ µ R . 44 To see this explicitly, we label this second measurement as I ′ and calculate the difference between the first and second measurement using the current formula Eq. (10),
where the positive/negative sign applies to lead L/R. The time dependence of I(t) is hence solely determined by the dot dynamics, making it appropriate for the detection of the latter. If the dot is empty at a certain time t, we have P d,0 (t) = 1 and thus P d,σ (t) = P d,2 (t) = 0. Consequently, charges can already tunnel through the SQD if its level lies in the transport window µ R < ǫ SQD < µ L . For a singly occupied dot, one finds P d,↑ (t) + P d,↓ (t) = 1. Due to the Coulomb repulsion from the dot, the required SQD level energy for a current to flow through the SQD rises by the capacitive coupling strength U . Consequently, the relation µ R < ǫ SQD + U < µ L must be fulfilled to enable a sizable current. A completely filled dot with P d,2 (t) = 1 increases the necessary energy by 2U , so that the current mostly flows for µ R < ǫ SQD + 2U < µ L . This sensitivity of the current to the charge state of the quantum dot is the basis of the measurement process.
As I(t) only depends on local dot probabilities, its time evolution after a gate step-pulse is not affected by the global fermion-parity rate λ gfp = (Γ + 2Γ C )/ , see Sec. III C 1. The fact that P d,↑ (t) and P d,↓ (t) contribute equally to the current means that its decay is also not influenced by the dot spin σ(t). Therefore the complete current dynamics is determined by the charge sector of the master equation, governed by A c as discussed in Sec. III C 3. More precisely, the time-dependent deviation of the current I from its stationary limit I st , namely, the current signal ∆I(t) = I(t) − I st , depends on the dot charge decay ∆n d (t) and the dot fermion-parity quantity ∆m(t) according to
Since both n d (t) and m(t) in general do not correspond to decay eigenmodes, ∆I(t) is, in principle, influenced by a combination of all four relaxation rates λ c , λ fp , λ SQD , λ + . The contributions decaying at λ SQD or λ + are, however, irrelevant on the dot time scale, as we consider the measurement limit Γ C /Γ ≪ 1. Moreover, for gate pulses
, fixed, the relative influences a SQD and a + of the decay modes governed by λ SQD and λ + in the eigenmode expansion of ∆I(t) are smaller than a c and a fp associated with λ c and λ fp by approximately two orders of magnitude. It is therefore justified to approximate ∆I(t) ≈ a c e −λ c t + a fp e −λ fp t .
As we aim to individually extract the original charge rate λ c and the fermion-parity rate λ fp , the remaining task is to find parameter sets that fulfill either a c = 0, a fp = 0 and λ c = λ c , or a c = 0, a fp = 0 and λ fp = λ fp .
Measurement protocols
The initial state of the combined d-SQD system is assumed to be given by the stationary state with respect to the system parameters before the switch, To detect the dot dynamics induced by this gate pulse, a dc source-drain voltage eV sd = U is applied to the leads, with µ L = µ C = 0 and µ R = −eV sd . 45 We set the temperature k B T = U d /10 sufficiently low and the capacitive coupling U = 5U d /8 high enough for the SQD to be able to sense the individual dot occupation probabilities
. Finally, we set Γ C = Γ/10 to approximate the measurement limit. Since Γ/k B T ≪ 1 and thus U/Γ ≫ 1, we describe a strong measurement.
In order to measure either the charge rate λ c or the fermion-parity rate λ fp , it is crucial that we can distinguish between both rates. As the rates are quasi 46 degenerate in the regime of single-occupation, each decay process discussed in the following must be induced by a gate pulse into either the zero occupation or the double occupation regime, namely
For these level positions, the rates λ c ≈ Γ C / and λ fp = 2Γ C / differ strongly. But even more importantly, the corresponding decay modes are not affected by back-action and in particular do not couple, as evident from Sec. III C 3. The task of extracting the individual rates therefore becomes equivalent to suppressing the contribution of either the charge mode ∝ ∆n d (t) or the fermion-parity mode ∝ ∆m(t) in the current signal decay according to Eq. (31) .
In the following, we address the individual detection of λ c → Γ C / and λ fp = 2Γ C / by motivating and subsequently discussing a concrete example of a gate pulse and a measurement scheme for each rate. Fig. 5(a) ,(b) display how the current signal ∆I(t) and the dot charge ∆n d (t) evolve as function of time for each gate pulse. We plot ∆I(t)/∆I(0) and ∆n d (t)/∆n d (0) logarithmically, as the negative slope of the curves equals the relaxation rate at which the corresponding quantity decays. To demonstrate that an additional SQD spin degree of freedom does not substantially influence the measurement, we also show numerical results using a spin-degenerate SDQ, see details in Appendix B.
1. Measurement of the dot fermion-parity rate: Inducing an exponential decay of ∆m(t) in order to measure the fermion-parity rate λ fp = 2Γ C / is most effectively accomplished by shifting the dot either from an empty to a doubly occupied state or vice versa, see Sec. III A. Since, however, any dot-state transition automatically triggers the charge ∆n d (t) to decay as well, we have to find parameters that minimize the sensitivity of the SQD to ∆n d (t), that is the prefactor in front of ∆n d (t) in the current signal formula, Eq. (31).
In the example considered here, we gate-pulse the dot from zero to double occupation, namely by a shift from ǫ d = U → ǫ d = −2U d as illustrated by the blue arrows in Fig. 5(c),(d) . For this process, we have m(t) = P d,0 (t). We are therefore required to set the SQD sensitive to only the zero occupation probability P d,0 (t) in order to exclude any influences from the charge decay. This is here achieved by setting ǫ SQD = −U/10, which is very close to, but still below the chemical potential of the left lead.
The blue solid curves in Fig. 5(a) ,(b) show the resulting time dependence of the current signal (a) and the dot charge (b). For times Γ C t/ 3, ∆I(t) decays at a rate given by almost 2Γ C / , whereas the charge decays at the unperturbed charge rate λ c = Γ C / . This clearly indicates that we indeed measure the fermion-parity rate and not the charge rate. However, for later times, Γ C t/ > 3, the relaxation rate of the current signal gradually decreases to Γ C / . The reason is that we cannot eliminate the influence of the charge decay mode entirely; as this decay process dies out at a slower rate λ c = Γ C / < λ fp , it must eventually dominate the time-dependent decay of the current signal. It is however only important to keep the charge rate influence negligible up to times where ∆I(t) has in practice already decayed (which is essentially the case at Γ C t/ ≈ 3). Improvements are possible by increasing the ratio U/k B T determining the resolution of the detector.
2. Measurement of the charge relaxation rate: One can tell from the prefactor in front of ∆m(t) in the current signal formula (31) that, as long as the SQD current depends on the dot state, it is always sensitive to the fermion-parity decay mode. Hence the only way to measure the pure unperturbed charge rate is to consider a gate pulse that does not cause m(t) to decay at all, namely ∆m(t) = 0. This means that we must start with a singly occupied dot and apply a gate pulse that drives the dot into zero or double occupation. Here, we shift the dot into the empty regime as illustrated by the black (dotted) arrows in Fig. 5(c) ,(d) ranging from
To measure a current decay for this gate pulse, the SQD must be sensitive to either P d,0 (t) or P d,↑ (t) + P d,↓ (t). We choose the latter in our example, and set the SQD level position ǫ SQD = −3U/2 in the middle of the transport window µ R = −eV sd < ǫ SQD + U < µ L = 0 accordingly.
The black dotted curve for ∆I(t) in Fig. 5(a) coincides almost perfectly with the curve for ∆n d (t) in (b), and consequently enables us to extract the unperturbed charge relaxation rate λ c = Γ C / . Since the chosen gate pulse ideally does not excite the fermion-parity mode, the resolution of the SQD, namely the ratio U/k B T , does not have to be as high as for the measurement of λ fp . In fact, too large ratios of U/U d make it even more difficult to ensure that the dot is singly occupied in the initial state, and consequently, to avoid exciting the fermion-parity decay mode.
IV. CONCLUSIONS
We have studied the read-out of the relaxation rates of a quantum dot, driven out of equilibrium by a fast parameter change, via the current through a capacitively coupled sensor quantum dot (SQD). We therefore studied in detail the dynamics of the full dot-SQD system, based on a generalized master equation approach, revealing all seven relaxation rates of the combined system. Subsequently, we extracted the sensitivity of the measurement current on the dot state and the back-action effects of the SQD on the relaxation behavior of charge, spin, and a fermion-parity-related quantity, m, of the dot. We therefore explored the relaxation behavior in the full parameter space of quantum dot and SQD.
Our main interest was devoted to the possibility of detecting the charge relaxation rate of the quantum dot, λ c on one hand, and the up to now experimentally unrevealed relaxation rate, λ fp , which governs the dynamics of the fermion-parity related quantity m, on the other hand.
We could show that back-action effects lead to capacitive shifts in the gate dependence of the dot relaxation rates, to a Coulomb-blockade induced suppression of relaxation rates in certain parameter regimes and, in general, to a mixing of the dynamics of the charge and the fermion-parity related quantity m. However, the fermion parity rate, λ fp , remains well protected even in the presence of the sensor quantum dot.
Based on these observations we could devise measurement protocols making use of the sensitivity of the SQD on the charge states of the quantum dot. In particular, the charge relaxation rate could be shown to be detected when switches of the dot between dot states differing by one electron charge are performed. Most interestingly, also the read-out of the fermion-parity relaxation rate was shown to be possible, when detecting the relaxation after switches between dot states differing by two electron charges. does not deviate significantly from the results using a spinless SQD. While a rough comparison of the two cases shown in Figs. 5(a),(b) already supports our statement, we here want to give a more quantitative analysis for the gate pulses considered in Sec. III D 2. More precisely, we compare the slopes of the time-dependent current and charge signal curves
and thus the effective relaxation rate governing the exponential decay for both a spinless (SL) as well as a spindegenerate (SD) SQD. The relative difference (s X,SD (t) − s X,SL (t))/|s X,SL (t)| between the time-dependent effective relaxation rates of the spinless and spin-degenerate system, both for the current signal ∆I(t) and the dot charge ∆n d (t) are shown in Fig. 6 for the two relaxation processes that reveal the bare charge rate as well as the fermion-parity rate (see also Fig. 5 ). The system parameters are equal to those given in Fig. 5 . In particular, the SQD on-site repulsion strength U SQD = 2U > U d is defined to be large enough to prevent the SQD from being doubly occupied; any U SQD larger than the chosen one will thus lead to the same results.
For the shift from the single-to the zero-occupation regime (black dotted line), intended to expose the relaxation rate Γ C / , the relative deviation between both results for the current signal is ≤ 2.5% for all times t. The dot charge decay is not affected at all by the additional spin degree of freedom in the SQD. The difference between a spinless and spin-degenerate detector is therefore negligible. For the process used to measure the fermion-parity rate, displayed by the blue solid curve, the deviation of the SD current signal slope from the SL result gradually increases to almost 5% for t = 5 /Γ C , namely when the influence of the charge rate becomes relevant. However, we have pointed out that the current signal has pratically already decayed after such a time span. For the relevant times between /k B T and 3 /Γ C , the relative difference is still below 2.5%. The charge decay is again not significantly affected by the SQD spin.
Moreover, let us point out that whereas the observed difference in the black dotted curve is most significant for small times on the order of the inverse SQD tunneling rate /Γ, the blue curve deviates most strongly for larger times on the dot time scale. This means that the deviation in the detection of the charge rate is at least partly caused by the way the relaxation modes closely related to the SQD affect the current decay, whereas the difference observed for the fermion-parity rate must be an effect of the Coulomb interaction inside the SQD, leading e.g. to energy-shifted conductance resonances.
In summary, it is justified to simplify the description of the SQD by assuming it to be spinless, at least on time scales that are relevant for the measurement.
